The long-range propagation modes in an acoustic channel under ice are basically caused by supercritical incidence. The energy distribution and transmission loss in the acoustic channel under ice are changed by a scatter in ice. The influence of a slender cylindrical cavity near and parallel to the ice-water interface on the sound propagation is analyzed using Fourier-Bessel series and Sommerfeld-Watson transformation. The research found that the acoustic field presents a beam in the mirror reflection direction at supercritical incidence, and the beam-width is proportional to secant of incident angle; meanwhile, the reflected coefficient is proportional to cosine of incident angle. The reflection coefficient increases with relative depth and Helmholtz number if the incident angle is a constant.
Introduction
The Arctic region has important strategic significance and commercial value. The sound propagation characteristics in an acoustic channel under ice depend on the parameters of the ice canopy, which has a noticeable influence on the acoustic navigation and communication under ice [1, 2] . The ice canopy in current researches was considered as an ideal elastic layer on the macro scale, or its reflection coefficient was obtained through experiments to calculate the transmission loss, but the influence of microstructure in ice on the acoustic channel under ice has not been considered yet. The microstructure changes not only the attenuation of sound wave in the original propagation direction but also the spatial distribution of acoustic energy under ice. Therefore, it is of great significance to study the influence of microstructures in ice on the sound propagation characteristics in an acoustic channel under ice.
Acoustic experimental researches in the Arctic region can be traced back to the last century [3] . The ice area, climate, and earthquakes were monitored through the experimental data of underwater acoustic propagation [4, 5] . The ice canopy has an influence on the transmission loss in an acoustic channel under ice, and the transmission loss at different depths might exceed 10dB [6] , but the roughness of the ice canopy was not considered. The BELLHOP model was introduced to calculate the transmission loss in shallow water under ice canopy and the performance of a vertical array was analyzed [7] , but the inhomogeneity of the ice canopy was not contemplated. The phenomenon of overlapping sound lines [8] occurs if the sound signals propagate over a long distance under ice, and the communication can be realized by applying adaptive coherent communication technology. The transmission loss of shallow source is very large because of the scattering of the ice-water mixed layer [9] and the signal can hardly be propagated for a long distance. The long-range propagation needs certain conditions [10] , such as the source should be located at a specific depth; however, the constraint effect of sound velocity gradient in ice-water mixed layer was not taken into account. The ice layer was considered as a homogeneous medium without microstructure in above researches, and the authors only focused on the macroscopic equivalent parameters of the ice layer, other than the influence of microstructure in ice on the macroscopic characteristics.
The scattering by microstructures in ice is an elastic scattering problem. The scattering of elastic waves is accompanied by the conversion of particle polarization modes and energy redistribution of longitudinal waves and transverse waves. Therefore, the physical characteristics and mathematical methods of the elastic scattering problem are more complicated than those in fluids [11] . Many methods were introduced to solve the problem [12] , among which the Fourier-Bessel series [13] approximating the plane half-space surface as a circular surface of large radius is an effective method. However, it is generally used to solve half-space problems [14, 15] , such as the scattering of seismic waves near the earth's surface [16] , and it has poor convergence for the scattering problem in two contiguous half-spaces. The Sommerfeld-Watson transformation [17, 18] is a more efficient solution to the scattering problem of a regular cylindrical obstacle, but it cannot be directly applied to the scattering problem of a plane interface [19] . In engineering applications, the calculation error can be controlled within an acceptable range by selecting reasonable parameters [20] . The combination of Fourier-Bessel series and Sommerfeld-Watson transformation gives full play to the advantages of two methods, which can not only realize the fast convergence of the underwater acoustic field but also retain the main characteristics of the spatial distribution of acoustic energy. The influence of a slender cylindrical cavity near and parallel to the ice-water interface on the acoustic propagation under ice is analyzed using the combination of Fourier-Bessel series and Sommerfeld-Watson transformation.
Solutions
The ice and water media can be considered as in two contiguous half-spaces if the ice thickness and water depth are much larger than the wave train length of a short pulse source; the problem is simplified into a two-dimensional model as shown in Figure 1 .
A plane wave in water is incident on the ice-water interface and generate reflected wave and transmitted waves and . The acoustic field in ice and water will be distorted due to the cavity as shown in Figure 1 . Assume that scattering of the cavity is 1 and 1 , scattering of the ice-water interface in ice is 2 and 2 , and scattering of the ice-water interface in water is .
A convex approximation of the ice-water interface is introduced because it is very complicated to deal with the horizontal interface using cylindrical functions. The radius of the cavity is , and the radius of the ice-water interface is . A minor error will be introduced to the calculation by the geometric deviation if ≫ . Two cylindrical coordinate systems 1 − 1 and 2 − 2 are established, respectively, with the centers of the cavity and ice-water interface. The displacement potential in ice is set as follows:
The coefficients in the scalar or vector potential functions are represented, respectively, by A or B, and A e0 , A o0 , B o0 , and B e0 are the known coefficients of transmitted waves [14, 15] ; = 1, 2 in subscripts represents 1 − 1 or 2 − 2 coordinate system, in superscripts is the integral orders of cylindrical function, o or e in superscripts corresponds to the parity of trigonometric function, is the longitudinal wave number, and is the transverse wave number. Acoustic field in fluid is usually expressed by sound pressure. Therefore, the expression of the scattering field in water is set as follows:
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where 1 represents the wave number in water. The Sommerfeld-Watson transformation is appropriate to reform the acoustic field into a new complex-order series solution to achieve fast convergence. The transformation is carried out on (2):
As shown in Figure 2 , 1/ sin V in the integrand is a singular function when V is an integer, while V ( ) is a singular function when V = V is a complex, where V is a singular point in complex plane and 2 is an integral path that bypasses the secant including all the complex singular points V .
It can be proved that equals the sum of residues at all the singular complex points V in complex plane. The complex V causes exponential decay of the acoustic field propagating along the circumferential direction. Therefore, Sommerfeld-Watson transformation can realize fast convergence for the problem in this paper. The displacement continuity equation shown in appendix (A.3) is substituted into (3) and a steepest descent equation is obtained:
A graphic method is used to solve the transcendental equation in (4), as shown in Figure 3 .
is the observation direction and is the reflection of direct wave on the ice-water interface. Then Sommerfeld-Watson transformation is carried out on the stress continuous equation shown in appendix (A.1) and (A.2) and another steepest descent equation is obtained:
In the same way, a graphic method is used to solve the transcendental equation of formula (5) , as shown in Figure 4 .
As can be seen that and V coexist in Figure 4 ; that is, the scattering of the cavity in ice is still expressed by the classical integer series with the order , and the scattering of the ice-water interface is jointly represented by the steady phase integral at the point V and the complex series order V . The acoustic field under ice is obtained by solving the above simultaneous equations.
Numerical Analysis
The medium and geometric parameters are shown in Table 1 . The incident angle is defined as the included angle between the incident direction of and the normal vector of ice-water interface, is the scattering angle, and = − is the mirror reflection direction.
The sound pressure level of underwater scattering field vs. and for ℎ/ = 1.2 and = 200kHz is shown in Figure 5 .
As can be seen from Figure 5 , the scattering field presents a fast fluctuating interference pattern due to the joint action of the cavity and ice-water interface if < and | | < . The acoustic energy in the direction of mirror reflection is much higher than that in other scattering angles, and the reflected wave presents a beam at supercritical incidence. The reflection coefficient of the ice-water interface with a cavity in this paper is marked by , and the reflection coefficient without a cavity is marked by 0 .
The long-range propagation modes in an acoustic channel under ice are basically caused by supercritical incidence, and the scattering of a near-interface cavity in ice changes the spatial distribution of the acoustic energy under ice and thereby affects the transmission loss. Therefore, this paper focuses on the acoustic characteristics of reflection coefficient at supercritical incidence.
. . Angular Characteristics of R. The amplitude of inhomogeneous plane wave in ice attenuates with depth at supercritical incidence, and the acoustic energy returns to water after propagating for a distance along the horizontal direction. Therefore, the shallow surface on the cavity plays a major role in the scattering field, and a variable cross-section waveguide is formed by a section of the shallow surface on the cavity and the ice-water interface, as shown in Figure 6 .
During the propagation of the inhomogeneous plane wave in the variable cross-section waveguide for a certain distance, the horizontal wave number changes when the inhomogeneous plane wave returns to water, which causes a deflection of the reflection direction. It is very difficult to find an analytical solution of the acoustic field in the variable cross-section waveguide, so some reasonable approximations are introduced: (1) The longitudinal component of the inhomogeneous plane wave attenuates much more with depth, so only the contribution of transverse component in the inhomogeneous plane wave is considered, and the mode conversion of elastic wave on the waveguide interface is ignored; (2) the upper boundary of the variable cross-section waveguide is approximated to a horizontal step shape, assuming that the acoustic field in the waveguide can be expressed by the following form with introducing a minor error:
Mathematical Problems in Engineering The incident angle at supercritical incidence is very large on ice-water interface and the beam-width is small. It can be approximately considered as that cos ≈ cos , so the beamwidth Δ is equal to
The beam-width Δ depends on the incident angle and the horizontal wave number variation Δ , which is not significant compared with sec if the geometry parameters and incident frequency are constants. The relation between beam-width and incident angle is shown in Figure 7 .
As can be seen from Figure 7 , the relationship between the beam-width and the incident angle predicted by (7) is consistent with the trend of numerical results. There are some differences between the theoretical prediction and the numerical results because the incident angle and the scattering angle are discrete values.
Assume that the effective horizontal area of the variable cross-section waveguide to deflect the reflection is and the sound pressure in the beam is approximately sinusoidal and its peak appears in the mirror reflection direction. It can be known from the conservation of energy that
where is sound intensity and = 2 /( 1 1 ), ≈ 2 /( 1 1 ) in far-field. The wave impedance of the reflected wave equals the characteristic impedance of the medium if the wave propagates to a sufficient distance in the mirror reflection direction, and the expression of reflection coefficient can be written as follows:
It is found that the effective horizontal area and horizontal wave velocity variation are not significant compared with cos , and the reflection coefficient is approximately proportional to the cosine of incident angle, as shown in Figure 8 .
As can be seen from Figure 8 , the reflection coefficients and 0 are obviously different; especially is less than 1 at supercritical incidence, and it decreases with the increase of the incident angle. The predicted trend of at supercritical incidence according to (9) is in good agreement with the actual result, which is consistent with the phenomenon that the beam-width increases with the incidence angle at supercritical angle, as shown in Figure 5 .
In summary, the effective horizontal area and horizontal wave velocity variation is not significant compared with the incident angle if the geometry parameters and incident frequency are constants, and the beam-width is proportional to secant of incident angle, while the reflection coefficient is proportional to cosine of incident angle.
. . Frequency Characteristics of R. In practical application, the equipment and operations required to measure the beamwidth are very complicated, while it is easier to measure the frequency characteristic of reflection coefficient at a fixed incident angle.
The radical formula in (9) is defined as = / cos , which characterizes the influence of geometry parameters and incident frequency in the reflection coefficient and its relation with the relative depth ℎ/ and Helmholtz number is shown in Figure 9 .
As can be seen from Figure 9 , and incident angle are hardly irrelevant, and increases with Helmholtz number. The variation of horizontal wave number is approximated to the first term of its Taylor series, deriving Δ ≈ ( )Δ , where ( ) is the spatial derivative of horizontal wave number ( ) to horizontal location and Δ is the horizontal migration length of inhomogeneous plane wave in the variable cross-section waveguide. The maximum of Δ depends on ( ) = 0, and an implicit function in appendix (A.8) is determined. Its approximate explicit function has the expression ( ) ≈ 1 (ℎ, ) ⋅ −1 because of ≫ ( ). It could be proved that ( ) ∝ , Δ ∝ −1 , and dimensions are measured in terms of the wavelength in acoustics, so the expression of reflection coefficient is expressed in the dimensionless Helmholtz number and relative depth:
where ( ℎ ) = 0.03547ℎ + 0.04022.
The numerical results and theoretical predictions of are shown in Figure 10 . different line-types, and the solid lines with corresponding colors are the theoretical predictions.
As can be seen from Figure 10 , the theoretical predictions are in very good agreement with the numerical results. increases with the relative depth ℎ/ ; that is, the deflection effect of the variable cross-section waveguide and the beamwidth of reflected wave become smaller if the ice cavity is away from the ice-water interface, and the reflection coefficient correspondingly becomes greater. This feature can also be seen through the formula (10) and (11) , which means the scattering of the ice cavity becomes weaker with the increasing relative depth and incident frequency.
Conclusions
In this paper, the Fourier-Bessel series and Sommerfeld-Watson transformation method are used to analyze the influence of a slender cylindrical cavity near and parallel to an ice-water interface on the sound propagation in an acoustic channel under ice. Through research, it is found that, due to the joint action of the cavity and the ice-water interface, the underwater acoustic field presents a fast fluctuating interference pattern, and what is more, the acoustic field in the mirror reflection direction has the following characteristics at supercritical incidence:
(a) The beam-width is proportional to secant of incident angle.
(b) The reflection coefficient is proportional to cosine of incident angle.
(c) The reflection coefficient increases with Helmholtz number and relative depth if incident angle is a constant.
The scattering of the inhomogeneous plane wave in ice by a cavity changes the spatial distribution of underwater acoustic energy, making the transmission loss during long-distance communication much larger than that of the ice-water interface without a cavity. The research provides a theoretical basis for an in-depth understanding of the acoustic channel under ice, as well as supporting the detection and identification of underwater targets and communication technology under ice.
Tangential stress continuity equation: Normal displacement continuous equation: 
and
( ) Sommerfeld-Watson Transformation for the Scattering Field under Ice:
( ) Sommerfeld-Watson Transformation for Boundary Continuity Equations: wherein is the polar angle in the coordinate system 1 and sin = / . The equation corresponding to beam-width is ( , ) = 0, obtaining a quintic equation: 
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